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We construct supersymmetric field theories on Riemannian three-manifolds M., focusing 
on = 2 theories with a U{1)r symmetry. Our approach is based on the rigid limit of 
new minimal supergravity in three dimensions, which couples to the flat-space supermul- 
tiplet containing the i2-current and the energy-momentum tensor. The field theory on M. 
possesses a single supercharge if and only if M. admits an almost contact metric structure 
that satisfies a certain integrability condition. This may lead to global restrictions on M., 
even though we can always construct one supercharge on any given patch. We also analyze 
the conditions for the presence of additional supercharges. In particular, two supercharges 
of opposite i?-charge exist on every Seifert manifold. We present general supersymmetric 
Lagrangians on M. and discuss their flat-space limit, which can be analyzed using the R- 
current supermultiplet. As an application, we show how the flat-space two-point function 
of the energy-momentum tensor in A/" = 2 superconformal theories can be calculated using 
localization on a squashed sphere. 
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1. Introduction 

In this paper, we construct supersymmetric quantum field tlieories on Riemannian 
tliree-manifolds Ai, focusing on tliree-dimensional M = 2 ttieories witti a U{l)fi symme- 
try. We can place any sucli tlieory on M. by minimally coupling it to the metric, but 
the resulting theory generally does not possess any rigid supersymmetry. Under certain 
conditions it is possible to add non-minimal couplings, such that the deformed theory is 
invariant under one or several rigid supercharges, which are also suitably deformed. We 
will analyze the conditions for M. to admit one or several rigid supercharges, and explain 
how to write supersymmetric Lagrangians on M.. 

Following much work has focused on supersymmetric theories on round and 

squashed spheres [^|TB[ .0 Some more general geometries were recently considered in [^^^ . 
A systematic approach to this subject was initiated in , using background supergravity. 
If an off-shell formulation of dynamical supergravity is available, we can couple it to the 
field theory of interest and take a rigid limit by appropriately sending the Planck mass to 
infinity. This decouples the fluctuations of the supergravity fields and allows us to freeze 
them in arbitrary background configurations.ll 

The supergravity multiplet generally contains the metric g^^, the gravitino ip^a^ and 
various auxiliary fields. A crucial feature of the rigid limit is that we do not eliminate 
these auxiliary fields by imposing their equations of motion. If there are supergravity 
transformations that leave a given background invariant, they give rise to a rigid super- 
charge of the field theory on this background. This formalism has recently been used 
to classify supersymmetric backgrounds for M = 1 theories in four dimensions [p6| - ^ . 
In three-dimensional M = 2 theories with a U{1)r symmetry, it has led to a proof of 
the F- maximization principle (originally conjectured in P,|H^), the discovery of a novel 
superconformal anomaly, and the definition and exact computation of several previously 
inaccessible observables p3| , pl . 



The rigid limit introduced in allows a clean separation between the supergravity 



background fields and the dynamical matter fields: 

1.) The supergravity sector determines the allowed supersymmetric backgrounds and the 
corresponding supersymmetry algebras. A given supergravity transformation 5 gives 



^ For related work in two and five dimensions, see |jT^|T6| and [I7-2C], respectively. Lorentzian 
spacetimes witii rigid supersymmetry were studied in [BllB2|. 



For an approach based on on-shell supergravity, see |31]. 
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rise to a rigid supercharge if and only if the background is such that both i/j^^a and Stj^fj^a 
vanish. The rigid supersymmetry algebra immediately follows from the algebra of 
supergravity transformations. This part of the analysis does not depend on the details 
of the matter sector. 

2.) The supersymmetry transformations of the matter fields and the corresponding su- 
persymmetric matter Lagrangians do not depend on the details of a given supersym- 
metric background. They are obtained from the supergravity transformations and 
Lagrangians by taking the rigid limit. We can also take the rigid limit of purely 
gravitational terms in the Lagrangian, which reduce to pure numbers in a given back- 
ground. Such terms correspond to contact terms in correlation functions of operators 



in the field theory and played a crucial role in [33,34 



The separation of the two sectors represents a significant simplification over approaches 
that consider specific manifolds with fixed metrics and derive the supersymmetry trans- 
formations and the corresponding Lagrangians on a case-by-case basis. 

At the linearized level, a supersymmetric field theory couples to supergravity through 
its super current multiplet, which contains the energy- momentum tensor and the super- 
symmetry current, as well as other operators. The structure of supercurrents in three- 
dimensional M = 2 theories was analyzed in [^. (They are closely related to supercur- 
rents in four-dimensional M = 1 theories [p6| , |35[| .) Theories with a symmetry admit 
a supercurrent 7^^, whose bottom component is the conserved i?-current. 

Different supercurrent multiplets give rise to different off-shell formulations of super- 
gravity, which in turn lead to different rigid limits. These rigid limits need not give rise to 
the same set of supersymmetric manifolds M. , even if the original supergravity theories were 
equivalent on-shell. In this paper, we are interested in three-dimensional M = 2 theories 
with a symmetry, and hence we need the rigid limit of the three-dimensional super- 

gravity that couples to the 7?.-multiplet. By analogy with the four-dimensional case p7|,p8 



we refer to this theory as new minimal supergravity. While it has recently been studied 
in superspace p9| - ^ , a fully non-linear component formulation of three-dimensional new 
minimal supergravity is not readily available. (However, see the early work p3| - ^ , as 
well as [0.) Therefore, the corresponding rigid limit cannot be obtained as an immediate 
consequence of known results. 

In this paper, we will nevertheless obtain most of the rigid limit without working out 
the full non-linear supergravity, by relying on input from linearized supergravity and the 
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reduction of four-dimensional new minimal supergravity. In particular, we will obtain the 
equations that govern supersymmetric backgrounds, as well as the supersymmetry algebra, 
transformation laws, and Lagrangians for the matter fields. However, we will not derive 



the rigid limit of pure supergravity terms. (Such terms were analyzed in p3| , p^ and will 
make a brief appearance in section 8.) 

At the linearized level, new minimal supergravity in three dimensions was recently 
studied in PD|JH^ , P^ . In addition to the metric (7^1., the theory contains two gravitini tfj^a 
and "0^0 5^ two Abelian gauge fields and C^, and a two-form gauge field B^,y. We will 
often use the dual field strengths 

= -ie^^Pd^Cp , V^.V^' = , 

(1-1) 

All of these fields couple to operators in the 7^-multiplet of the field theory. In particular, 
the gauge field couples to the U{1)r current, which leads to invariance under local R- 
transformations, and the gauge field couples to the current that gives rise to the central 
charge Z in the conventional flat-space M = 2 supersymmetry algebra, 

{Qa, Qp] = 2j^f,Pp + 2ie^pZ , 

{Qa,Q/3} = 0, {Qo,Q/3}=0. 

Here and Qa have i?-charge —1 and respectively. 

In section 2 we review the three-dimensional 7?.-multiplet and its coupling to linearized 
new minimal supergravity. We study the variations of the gravitini at the linearized level 
and argue that they completely determine the corresponding variations in the full non- 
linear theory, up to terms that vanish in the rigid limit: 

Si;^ = 2 (V^ - iA^) C + H-f^C + 2tV^C + e^.pV^YC + ■ ■ • , 

(1.3) 

5^^ = 2 (V^ + lA^) C + H-i^C - 2iV^C - e^^pV'YC + ■■■ ■ 
Here C, and C are spinors parameterizing the supergravity transformation. They carry R- 



charge -fl and —1, respectively. The ellipses in (|1.3| ) denote terms that vanish when the 



In three Euclidean dimensions, the Lorentz group is SU (2). Therefore, all spinors are complex 
and carry undotted indices. In Lorentzian signature, the gravitini ij^^a and tp^a are related by 
complex conjugation, but here they are independent complex spinors. See appendix A for a 
summary of our conventions. 



3 



gravitini are set to zero. In Euclidean signature, ( and ( are independent complex spinors 
and we allow the background fields A^,V^,H to be complex. However, we will always 
take the metric Qf^,^ to be real. A given configuration of the supergravity background fields 
preserves rigid supersymmetry if and only if ■0^ , ■0^ , and both variations in ( |1.3| ) vanish for 
some choice of ( and (. Moreover, we can always consider variations of definite i?-charge. 
Therefore, a rigid supercharge 5^ of i?-charge —1 corresponds to a solution C of 

(V^ - tA^) C = -^H^^C - zV^C - h^^^V^YC , (1.4) 

while a rigid supercharge 5~ of i?-charge +1 corresponds to a solution C, of 

(V^ + lA^) C = -^Hj^C + iV^C + \e^.pV^YQ . (1.5) 

These equations will allow us to determine which three-manifolds Ai admit rigid super- 
symmetry. We will refer to (|1.4p and ( p..5|) as Killing spinor equations. Similar equations 
were previously obtained in |]46| , p6| . 

In section 3 we begin our analysis of Riemannian three-manifolds M. that admit so- 
lutions of (|1.4|) or (|1.5|) . (This problem was also studied in [^.) We analyze general 
properties of such solutions and use them to construct various useful spinor bilinears. In 
particular, we show that a solution C, of ( p..4|) naturally defines an almost contact metric 
structure (ACMS) on A^, and similarly for a solution Q of (|T75|). Such a structure con- 
stitutes an odd-dimensional analogue of an almost Hermitian structure. (The basic prop- 
erties of ACMS's are reviewed in appendix B.) Since the Killing spinor equations ( |1.4| ) 
and ( PT5| ) are partial differential equations, they only admit solutions if the background 
fields gf^j,, A^, V^, H satisfy certain integrability conditions. Moreover, there may be global 
obstructions. We would like to formulate necessary and sufficient conditions for the exis- 
tence of one or several solutions. 

In section 4 we show that Ai admits one solution Q of ( p..4|) if and only if the ACMS de- 
fined by C satisfies a certain integrability condition. This integrability condition endows Ai 
with a three-dimensional analogue of an integrable complex structure. The existence of 
such a structure represents a global restriction on Jvi. (See appendix B for additional 
details.) The supercharge corresponding to C, transforms as a scalar on M.. 



In section 5 we analyze manifolds admitting multiple solutions of (|1.4|) and ( [1.5|) . Two 



solutions C and C, of opposite i?-charge exist on any circle bundle over a Riemann surface. 
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i.e. a Seifert manifold. In this case K^d^ = Cl^C^fi = is a real Killing vector and the 
metric is given by 

ds'^ = fl{z, z)^ {dtp + a{z^ z)dz + a{z^ z)dz)'^ + c{z, z)'^dzdz . (1-6) 
We must distinguish two cases: If points along the circle fibers, it has closed orbits. 



In this case z in ( |1.6| ) is a holomorphic coordinate on the Riemann surface. However, 
if the orbits of K'^ are not closed, then it must have a component along the Riemann 
surface. In this case the manifold must admit at least a U{1) x U{1) isometry, one along 
the circle fibers and one along the base. All previously known backgrounds that preserve 
two supercharges of opposite i?-charge with real K^, such as PJTll], can be understood 
in this way. We also analyze solutions with four supercharges. In particular, we explain 
how the round of |@-^, the 5"^ x of [H, and the squashed of [H,|lO| arise in our 
formalism. 

In section 6 we develop the necessary tools to write supersymmetric Lagrangians on 
manifolds that admit solutions to the Killing spinor equations. We discuss the general 
form of the rigid supersymmetry algebra and its multiplets. This enables us to construct 
Lagrangians for gauge and matter fields. 

In section 7 we expand the supersymmetric background fields of section 4 and the 
supersymmetric Lagrangians of section 6 around flat space, where they can be analyzed 
using the 7?.-multiplet. We find that the first-order deformation of the Lagrangian around 
fiat space is Q-exact and comment on the relevance of this observation for the parameter 
dependence of supersymmetric partition functions. 

In section 8 we demonstrate the utility of our formalism by relating the fiat-space 
two-point function of the i?-current and the energy-momentum tensor in an A/" = 2 super- 
conformal field theory (SCFT) to the partition function of the same theory on the squashed 
three-sphere of 1^,0. This enables us to compute these two-point functions exactly us- 
ing localization. (The two-point functions of fiavor currents can be extracted from the 



partition function on a round three-sphere P5|.) 



Our conventions are summarized in appendix A. In appendix B, we collect some basic 
facts about almost contact structures and analyze the integrability condition introduced in 
section 4. Appendix C reviews the rigid limit of four-dimensional new minimal supergrav- 
ity. In appendix D, we derive the three-dimensional supersymmetry algebra and superfield 
transformation laws discussed in section 6 by a twisted dimensional reduction from four 
dimensions. 
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2. The 7^-Multiplet and New Minimal Supergravity 

In this section we review the 7^-multiplet - the supercurrent multiplet of three- 
dimensional M = 2 theories with a U{1)b. symmetry - and its coupling to linearized 



new minimal supergravity. (See [p5| , |3^ for a thorough discussion.) This will enable us to 



derive the Killing spinor equations (|1.4|) and (|T 



2.1. The n- Multiplet 

Whenever a three-dimensional M = 2 theory possesses a U{1)r symmetry, the con- 
served i?-current resides in a supercurrent multiplet TZ^, together with the supersym- 
metry currents S^a^S^a and the energy- momentum tensor T^^, as well as various other 
operators. The superfield IZ^ satisfies 

(2.1) 

Here TZap = — 27^^?^^ is the symmetric bi-spinor corresponding to TZ^. Note that j'^^^ is 
a real linear multiplet. In components, 

- t9e{2jlf^ + ie^,pd-3^''^') + ■ ■ • , (2.2) 

where the ellipses denote terms that are determined by the lower components. The su- 
perfield j'^'^^ contains a conserved current j^^^ of dimension three, which gives rise to 
the central charge Z in the flat space supersymmetry algebra ( p..2|) . The scalar J^^^ is 
associated with a conserved string current ie^,jpdP J^'^^ 

If the theory possesses Abelian flavor symmetries, the 7^-multiplet is not unique. It 
can be changed by an improvement transformation, 

n'^p = n^p -]-{[D^,bp\ + [Dp,b^])j , 

^ . (2.3) 

j'iZ) ^ jiZ) _ ^ ^ 

where is a real linear multiplet, J = J = 0. In this case the Abelian flavor 
current residing in J mixes with the i?-current. In a superconformal theory, there exists 
a preferred 7^-multiplet, for which the real linear multiplet J^'^^ in (|2.1| ) vanishes. (More 
precisely, the operators in J^^^ become redundant.) The corresponding f/(l)i? symmetry 
belongs to the M = 2 superconformal algebra. 
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2.2. Linearized New Minimal Supergravity 

At the linearized level, the 7?.-multiplet couples to the metric superfield "H^, 

5=^ = 2^ d^en^W . (2.4) 

This term is manifestly invariant under ordinary flat-space supersymmetry transforma- 
tions with arbitrary constant spinor parameters C- The linearized supergravity gauge 
transformations are embedded in superfields , and the metric superfleld transforms 
as follows: 

5n^p='^{Dj.p-bpL^) + {a^ P) . (2.5) 



In order for ( |2.4D to be gauge invariant, we must impose the constraint 

D'^D^Lc, + D'^D^Lc, = . (2.6) 



We can use (p.5| ) to partially fix a Wess-Zumino gauge, in which the metric superfield is 
given by 

= ^(^7^^) (V + ^M-) - 'f^C^ - ^^'^^M + ^^'^^M + (^M - Vf^) ^ (2-7) 

where = —ie^^^dvCp. Note that h^v,B^^jj,C^,A^ have vanishing i?-charge, while 
the i?-charges of ip^ and if)^ are and —1, respectively. In conformal supergravity, 
the 7^-multiplet reduces to a smaller supercurrent with j'^-^^ = 0. Consequently, the 
metric superfield enjoys more gauge freedom (the constraint ( p^ ) is absent), which 
allows us to set — \ and H to zero. The combination ~ f ^ remains. 



The residual gauge transformations that preserve the form of T-L^ in (|2.7| ) take the 

form 

5C^ = a^A(^) , 5A^ = a^A(^) , (2.8) 

This identifies h^^, as the linearized metric, which we normalize so that g^i, = S^^, + 2h^j^, 
B^i, as a two-form gauge field, and A^ as Abelian gauge fields, and 4'^^oL^'4^^la as the 
gravitini. We will often use the gauge-invariant dual field strengths 

V^' = -ief'-Pd.Cp , d^.V = , 

i (2.9) 



Since we are working in Euclidean signature, the superfields L^jLa, and hence the gauge 
parameters in ( p.8| ), are complex. In order to retain a sensible geometric description for 
the supergravity fields, we will demand that the metric h^^, and the gauge parameter A^'^-' 
be real. Although we will generally allow the other supergravity fields to be complex, we 
will not allow complexified gauge transformations for and A^. Therefore, we also take 
the gauge parameters A^*-^-' and A*-"^) to be real. 

In Wess-Zumino gauge, the linearized supergravity-matter couplings ( p.4|) are 

5^ = -T^^h^'' - ]^S^r + \s^.r + if ^ [A^ - ^^'') + •^■f^^'' + -^^^^^ ■ ^2.10) 

As usual, the metric h^^, couples to the energy- momentum tensor T^,^, and the gravi- 
tini ip^.tp^ couple to the supersymmetry currents S^,S^. Since couples to the R- 
current jf we see that A^"^-' -transformations in ( |2.8| ) correspond to local i?-transformations. 
Similarly, the graviphoton gauges the central charge current j^^^ and A^^^^-transformations 
in (|2.8| ) correspond to local ^-transformations. The fact that H couples to J^^-* means 
that the two-form i?^,^ gauges the string current iSfj^i^pd^J^^^ 

Once we fix Wess-Zumino gauge, the form of in ( |2.7p is no longer invariant under 
conventional flat-space supersymmetry transformations. As usual, this problem can be 
circumvented by combining these supersymmetry transformations with a gauge transfor- 
mation (|2.5| ) that restores Wess-Zumino gauge. The theory is then invariant under these 
new supersymmetry transformations, as well as the residual gauge transformations ( |2.8|) . 
The supersymmetry transformations of the gravitini are thus given by 

5t(j^ = -ie^P^d^hp^jxC - 2^ (.4^ - V^^) C + ^7mC + e^^pVYC + d^{- ■ ■) , 

^ ^ ^ (2.11) 

Here, the ellipses represent terms that can be absorbed using the residual gauge transfor- 
mations ( ^.8| ). So far, the spinors (,( in ( |2.11j ) are constant and parameterize ordinary 
fiat-space supersymmetry transformations, while £, e in ( |2.8| ) are arbitrary functions that 
refiect the residual gauge freedom of the gravitini. As we will see below, these parameters 
must be identified in the non-linear theory. 
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2. 3. Variation of the Gravitino 

In principle, the linearized analysis of the previous subsection constitutes the starting 
point for a systematic development of the full non-linear supergravity theory. Here we will 
limit ourselves to explaining why the variation of the gravitini in non-linear supergravity 
is given by ( p. .31) . 

In order to pass to non-linear supergravity, we make the supersymmetry transfor- 
mation parameters C spacetime dependent. Under such a transformation, the La- 
grangian of the original flat-space matter theory is no longer invariant. As usual, 
its variation is given by 

5^0 = Sf'd^C - S^d^Q . (2.12) 

Comparing with ( p.lO| ), we see that the linearized supergravity- matter couplings enable us 
to absorb this variation by a gravitino gauge transformation ( |2.8| ) with parameters e = 2C 
and e = 2(. Therefore, the fact that C ^-re spacetime dependent requires us to combine 
supersymmetry transformations with the residual gauge freedom of the gravitini, so that 

^^P^ = 2{d^C - ^e^^^a, V7aC) - 2iA^C + 2iV^C + ^7mC + e^^.p^YC , 
_ _ _ _ _ _ _ (2-13) 

Note that the terms in parentheses are the linearized covariant derivatives V^C ^-nd V^C- 
The transformation laws (|2.13| ) are valid at leading order in an expansion around flat 



space. The terms that arise at higher orders are of two kinds: 



1.) Terms that are needed to render (|2.13| ) fully covariant 



2.) Additional covariant terms not present in ( p.l3|) . 

The terms of the flrst kind have the effect or replacing the terms in parentheses with V^C 
and V^C? cis well as covariantizing the deflnition of in (|2.9|) , so that V^^^ = 0. In 
order to constrain the terms of the second kind, we use dimensional analysis, as well as the 
covariance of the full non-linear theory under diffeomorphisms and local i?-transformations. 
The relevant scaling dimensions are given by 

M = M = l. [C] = [C] = -^, M = 0, [A,] = [V,] = [H] = 1. (2.14) 

Since all terms in difj^^dip^ must be proportional to they can contain at most one 
spacetime derivative, one power of V"^,-ff, or a gravitino bilinear. Therefore, the only 
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possible terms of the second kind are proportional to the gravitini, and hence the trans- 
formation laws in the full non-linear theory must take the form in ( p..3|) , 

= 2 (V^ - iA^) C + i/T^C + 2^y^C + e^^pV^YC + ■ ■ ■ , 

^ ^ ^ ^ (2.15) 

57/^^ = 2 (V^ -f iA^) C + i/T^C - 'iiV^C - e^.pV'YC + ■ ■ ■ , 

where the ellipses denote terms proportional to ij)^ or ij)^. Such terms are absent in the 
rigid limit. Thus, we have determined all relevant terms in the gravitino variations from 
linearized supergravity. It is also possible to derive these variations by dimensionally 
reducing the known gravitino variations in four-dimensional new minimal supergravity. 
This is explained in appendix D. 



3. General Properties of the Killing Spinor Equations 

As explained in the introduction, a given set of supergravity background fields pre- 
serves rigid supersymmetry if and only if it is possible to find solutions C or ^ of the Killing 
spinor equations (|1.4| ) or (|1.5| ), 



(3.1) 

(V^ + iA^) C = -Ihj^C + iV^C + \e^upV^YQ ■ 
Note that the second equation can be obtained from the first one by substituting 

C ^ C , A^-,-A^, v^-r-V^, H^H . (3.2) 

In this section we begin our analysis of the equations (|3.1|) . We will study them on a 
smooth, oriented, connected three-manifold M., which is endowed with a Riemannian met- 
ric g^y. The background fields A^, V^, H are generally complex, and the dual graviphoton 
field strength is covariantly conserved, V ^V^ = 0. Since the Killing spinor equations 
only depend on the graviphoton through V^, they only determine it up to a fiat connection. 

The spinors ( and ( transform as doublets under local SU{2) frame rotations, and 
they carry i2-charge -t-1 and —1, respectively. We will only consider conventional R- 
transformations, so that the real part Re^^ transforms as a U{1)r connection, while the 
imaginary part Im^^ is a well-defined one-form. If we denote by L the line bundle of 
local U{l)ii transformations and by 5" the spin bundle, then ( and ( are sections of L (g) S" 



10 



and ® 5", respectively. If we fix a spin structure on Ai, the bundles L and S are well 
defined, but our discussion only requires a spin*^ structure, which exists on every orientable 
three-manifold. Then only the product bundles L ^ S and (g) 5" are well defined. 

The equations (|3.1|) are linear, homogenous, and first-order, with smooth coefficients. 
Therefore, the solutions have the structure of a complex vector space, which decomposes 
into solutions C of i?-charge and solutions C of i?-charge —1. Importantly, any non- 
trivial solution is nowhere vanishing on A^.@ This implies that every solution is determined 
by its value at a single point, and hence there are at most two independent solutions of R- 
charge -fl and two independent solutions of i?-charge —1. 

In order to analyze the conditions under which the equations ( |3.1| ) admit one or several 
solutions, it is convenient to use these solutions to construct spinor bilinears. Here we will 
study such bilinears at a point, making use of Fierz identities but not of the equations (|3.1|). 

Given a non-zero spinor ( & S, we can define its norm which is positive, and 
a real, non- vanishing one-form 

= I^CSmC , (3.3) 



which satisfies 



V'^Vf^ = 1 • (3.4) 



We can use r]^ to define a tensor 

= e'^.pV' , (3.5) 

which leads to the following identity: 

= , + r?'^r/, . (3.6) 

These formulas imply that r]^ defines an almost contact metric structure (ACMS) on Ai. 
Here we will only summarize its essential properties. A more detailed discussion can be 
found in appendix B. 

An ACMS is the odd-dimensional analogue of an almost Hermitian structure. In three 
dimensions, it is equivalent to a reduction of the tangent bundle structure group to U{1). 



To see this, assume that C(^o) = for some point xq G A4. We can connect any other 



point xi G to xq by a smooth curve x{s), along which (3.1) reduces to an ordinary differential 
equation of the form ^^(^^(s)) = M{s)C{x{s)), for some smooth matrix-valued function M{s). 
The fact that C(^o) = implies that C vanishes everywhere on the curve x{s), and hence at xi. 
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It follows from (|3.5| ) that ^'^i, has rank two and that ^'^^7]'^ = 0. A vector or a one- 
form is called holomorphic if ^'^^X'^ = iX^ or 0^$^j, = ifl^. (This implies that both 
are orthogonal to r]^.) Their complex conjugates X^ and are called anti- holomorphic. 
Since rj^ is defined in terms of C via ( p.3|) , it follows that X'^ is holomorphic if and only 
if X'^7^C = o| and that rj^jf'C = C- 

We can also use C to construct a nowhere vanishing one- form of i?-charge 2, 

= Cl^C , (3.7) 

which satisfies 

P^$'^, = -iP, . (3.8) 

Therefore is an anti-holomorphic one-form. 

We can repeat the preceding discussion for a nowhere vanishing spinor ( G ® S. 
This gives rise to a nowhere vanishing one- form 77^ = j^CWmC? which defines an ACMS 
and a nowhere vanishing one-form P^ = ClfiC of i?-charge —2 that is anti-holomorphic 
with respect to this ACMS. 



4. Manifolds Admitting One Supercharge 

In this section we establish necessary and sufficient conditions for the existence of a 
solution C of the Killing spinor equation (|1.4|) , 

(V^ - lA^) C = -^H^^C - zV^C - le^.pVYC ■ (4.1) 

The presence of a solution imposes a certain integrability condition on the ACMS defined in 
the previous section. Conversely, a solution exists whenever Ai admits such an integrable 
ACMS. The corresponding results for a solution ( of (|1.5| ) are easily obtained using ( |3.2|) . 

^ If is holomorphic, then (^j^'y^CX" = 0. Multiplying by X'', we find that \X''j^(\'^ = 0, 
so that X'^'j^C = 0. Conversely, if X^-y^C = we can multiply by to obtain ^''^X'' = iX^ . 
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4.1. Restrictions Imposed by ( 



In (|3.3|) and (|3.7D we used ( to construct two nowhere vanishing bihnears r]^ and P^, 
and we saw that 77^ and = e^i^prfP define an ACMS on M.. Here we wiU use the fact 
that C satisfies the KiUing spinor equation ([4.1D to study the derivatives of these bihnears. 
This leads to an integrabihty condition for the ACMS defined by rj^. It also allows us to 
constrain the background fields A^, V^, H, although it does not determine them completely. 
This is because the equation ( [4.1|) remains invariant under the following shifts: 



H^H + iK, (42) 
3 

^ A^ + -{U^ + KT]^) , 

where the complex scalar k and the vector must satisfy 

^^'^W =iU^' , V^(t/^ + KO=0. (4.3) 

The solution ( completely determines the background fields up to these shifts. 
First, we use (|4.1|) to compute the derivative of rj^, 



V^V. = \{H + H) (r^^r^, - g^,) + {H - H) + '-g^.Vp{V' " V) 
This fixes ^ and H, up to the shifts in (|3), 



(4.4) 



= e^^^d^rip , H = -^V^r?'^ + '-e^''Pr]^d,rjp . (4.5) 



Substituting back into ( |4.4| ), we find that r]^ must satisfy the integrability condition 



V^?7j, + V^r]f^ = {g^^ - rj^r]^) V pVjP + rj^rjPV pT]^ + ri^rjPV pTj^ . (4.6) 



This condition can be succinctly written in terms of $ 



(£.,$%) = . (4.7) 

Here C^^ is the Lie derivative along rj^ (see appendix A). A similar analysis in found 
the integrability condition e^'^P Pp,di,Pp = 0, which is locally equivalent to 
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The integrability condition ( ^4.7] ) is analyzed in appendix B. It is equivalent to a 
covering of Ai by adapted coordinate charts {t,z,z), with real r and complex z, which 
satisfy the following properties: 

1. ) Two overlapping adapted charts {t,z,z) and (r' , z' ,z') are related by 

r'^r + t{z,z), z'^fiz), (4.8) 

where t{z,z) is real and f{z) is holomorphic. 

2. ) In an adapted chart (r, z^z), the vector ry^ is given by 

V'^d^ = dr . (4.9) 

3. ) In an adapted chart (r, 2;,z), a holomorphic one- form is given by 

Q.^dx^ = u{t, z,z)dz . (4.10) 



Changing adapted coordinates as in (|4.8|) leads to the transformation law 

uj'{r',z',z') = j^u{r,z,z) . (4.11) 

The line bundle /C of holomorphic one- forms thus has holomorphic transition functions. 
4.) In an adapted chart {t,z,z), the metric takes the form 

ds^ = [dr + h{r, z,z)dz + h{T, z^z)dz)'^ + c{t, z,z)'^dzdz , (4-12) 

where h{T,z,z) and c{t,z,z) are complex and real, respectively. 



These properties suggest that an ACMS that satisfies the integrability condition ( [4.7|) con- 
stitutes a natural three-dimensional analogue of an integrable complex structure. To our 
knowledge, this kind of structure is largely unexplored. It would be interesting to establish 
whether such a structure exists on every orientable three-manifold (see appendix B). 

It is convenient to define a connection that satisfies W ^g^p = and V^?7iy = O.i 
This can be accomplished by replacing the usual spin connection uj^^p by 

^^^,l.p = i^fiup + Vp'^t^Vi' - Vu^i^rip + 2W^^^p , = ~r]^e''P^r]^dpr]x . (4.13) 



Similarly, there are metric-compatible connections in even dimensions that preserve a given 



complex structure. Such connections played an important role in |27,2S]. 
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Unless rjfj^ is covariantly constant, the connection has torsion (see appendix B). Since 
this connection preserves 77^, and hence the associated ACMS, its holonomy is contained 
in U{1). In terms of V^, we can rewrite the KiUing spinor equation ( |4.1| ) as foUows: 

(V^ - iA^)C = , A^ = A^- 1(25/ - + Iv^H - . (4.14) 

Note that differs from A^ by a weU-defined one-form and that it is not affected by the 
shifts in ( [4 .21) . Since the holonomy of is contained in f/(l), we can twist it away by 
adjusting so that C transforms as a scalar on Ai. Conversely, the twisting procedure 
allows us to solve for ( on any manifold that admits an ACMS satisfying (|4.7|). We will 



return to this point below. (See for a related discussion in four dimensions.) 

In order to determine A^^, and hence A^, we consider = Ct^C? which has i2-charge 2. 

Note that locally determines ^ up to a sign. It follows from ( |3.8| ) that is a nowhere 

vanishing section of (g) /C, where /C is the line bundle of anti-holomorphic one-forms. 

_i 

Therefore, the bundle (x) /C is trivial, and we can identify L = (/C) ^ , up to a trivial 

line bundle. To make this explicit, we work in an adapted chart (r, z,^) and define p = Py 

as in (|4.10|) . If we define 

s = , (4.15) 



then s transforms by a phase under under a change (|4.8|) of adapted coordinates 



s 




'{r\z',z')=\^\ s{r,z,z). (4.16) 



Locally, these phase rotations can be compensated by appropriate i?-transformations. Un- 
der these combined transformations s is a scalar. As we will see in the next subsection, 
this scalar determines the solution (. 

We will now solve for A^ in terms of s. It follows from ( |4.14| ) that 



(V^ - 2iA^)p = , (4.17) 



so that Afj^ — — |V^logp. In an adapted chart, the metric is given by (|4.12|) , and thus 

VrS = drS , 

VzS = d^s + -{d;, - 7];,dr)logg , (4. 18) 

V-s = cks- -{d^- Tjjdr) log g . 
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Using ( 4.15 ), we therefore find that is given by 

^1 i 

Af, = ^^f^'^du log^- -df,\ogs 



(4.19) 



Note that this expression is only valid in an adapted chart and does not transform co- 
variantly under arbitrary coordinate changes. @ However, under a change ( [1.8|) of adapted 
coordinates, the real part of transforms like a U{1) gauge field, while its imaginary 
part is invariant. 

4-2. Solving for ( 

We will now solve the Killing spinor equation (|4.1D on every thee-manifold Ai that 



admits an ACMS satisfying the integrability condition (|4.7|) . Up to the shifts (^4.2|) , the 
background fields , H are given by ( |4.5| ) , while is given by ( |4.14D and ( [4. 191 ) . 

In order to write down the solution, we work in adapted coordinates (r, z,^), so that 
the metric is given by ( |4.12| ), and we use an orthonormal frame e^, e^, defined byil 



e = ?7 , e — ie =c{T,z,z)dz, 
In this frame, the solution C takes the form 

Ca = {r,z,z) 



c (r, z, z) dz . 



(4.20) 



(4.21) 



where s is the same nowhere vanishing function as in (|4.15| ) . Since s transforms as a scalar 
under changes of adapted coordinates followed by an appropriate i?-transformation, we see 
that C also transforms as a scalar. Therefore, it gives rise to a globally well-defined scalar 
supercharge on A^. 



5. Manifolds Admitting Multiple Supercharges 

In this section we will consider manifolds that admit more than one solution of the 
Killing spinor equations ( |1.4|) and ( |1.5|) , focusing on two supercharges of opposite J?-charge 
and four supercharges. (We do not discuss the case of two solutions with equal i?-charge.) 



The first case was already discussed in Here we emphasize some important features 
that allow us to make contact with the various known squashings of the three-sphere. 



^ If we compute the field strength dfj,Ai, — d^A^ from ( [4.19| ), we obtain a fully covariant 
expression. This determines up to a flat connection. 

^ This definition is such that the usual orientation A e'^ A corresponds to z = — = i 
(see appendix B). 
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5.1. Two Supercharges of Opposite R- Charge 

Given solutions ( of and C of (|1 . 5| ) , we can define a nowhere vanishing vector 



= Ct^C ■ (5.1) 

Using the KiUing spinor equations, we find that it is a KiUing vector, 

V^K. + V.K^ = . (5.2) 

Since is complex, it may give rise to two independent isometries. This case is very 
restrictive, and we do not discuss it here. Instead, we assume that K'^ generates a single 
isometry. In this case we can normalize the spinors, so that 

c=^c^ (5.3) 

for some positive scalar function O. With this normalization K'^ is real. It follows 
from ( |5.3| ) that = K^K^^, so that O is invariant under the Killing vector K^. The 
ACMS's corresponding to C and C, are now simply related to K^^ 

= -'n^. = ^~^K^ . (5.4) 



Since is Killing, it follows that the ACMS's satisfy the integrability condition (|4.7| ). 

Since is a real, nowhere vanishing Killing vector, it is natural to introduce coor- 
dinates z,^), such that K = d^. In these coordinates, the metric takes the form 

ds"^ = fl'^{z,z)[dijj + a {z,z) dz + a{z^z) dz)'^ + c{z,z)'^dzdz . (5.5) 

It follows from ( ^.4|) that rj^dx^ = fl{z,z)[dtp + a{z,z)dz + a{z,z)dz). The coordi- 
nates (r, z,z) adapted to rj^ are simply related to z,z) via dr = Vtdip. 

In the previous section, we have seen that a solution C, fixes the background 
fields A^,V^,H according to (|]5D, (plD , and (14T9D , up to shifts (U) by k. and U^. 



Using ( |3.2| ), we can similarly obtain the background fields corresponding to up to shifts 
by H and . If both solutions are present simultaneously, we must ensure that the corre- 
sponding background fields are consistent. Using ( |5.4D , we find that the background fields 
are given by the same formulas as before, but the freedom of performing shifts ( f4.2| ) is 
constrained: 

[/M = ^/M = , K = -K , K'^df.K = . (5.6) 
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The fact that k is invariant along ensures that V^, H are invariant under K^, while A, 



is only invariant up to a (complexified) gauge transformation. (See [|2^ for a related 
discussion in four dimensions.) 

Having determined the form of the background fields, we can write down the explicit 
solution for Q and C, in the adapted frame ( [4.20|) , 



As in the previous subsection, C, and C are globally well-defined solutions on all of A^, 
and hence two supercharges of opposite i?-charge exist on any manifold admitting a real, 
nowhere vanishing Killing vector. This covers all previously known examples possessing two 
such supercharges with real K^. However, there are cases (such as the S"^ x background 
of , which preserves four supercharges and is discussed below) in which is genuinely 
complex and leads to two independent real Killing vectors. We have not analyzed such 
backgrounds in detail. 

It is important to emphasize that the real Killing vector discussed above need 
not descend from a single U{1) isometry of Ai. When Ai is compact, we distinguish the 
following cases: 

1. ) If the orbits of are closed, they give rise to a circle bundle over a Riemann surface, 

i.e. a Seifert manifold. For instance, the SU{2) x U{1) invariant squashed sphere of 
is of this kind. 

2. ) If the orbits of are not closed, the manifold necessarily admits additional isome- 

tries. It can be shown that is a linear combination, with incommensurate coeffi- 
cients, of two commuting Killing vectors with compact orbits (see for instance |[48|| ). 
In this case Ai is still a Seifert manifold, but no longer points along the fiber. For 
example, this occurs on the U{1) x U{1) invariant squashed spheres of [|6|,pT[|. 

5.2. Four Supercharges 



Here we study manifolds admitting two independent solutions of (|1.4| ) and two 



independent solutions of ( |1.5[ ). Given any solution Q of (|1.4|), we can use the fact 
that e^j^pfV^, V^]C = f (2i?^iy — Rg^jj)l^C to obtain the following integrability condition: 

2 (5.8) 
- 7"C(£m-p( V + iV^)H - V,V^ - iH^g^, - iV^V,) = . 
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The corresponding integrability condition for a solution ( of ( |1.5| ) follows from ( |3.2|) . In 
the presence of four independent supercharges, these integrability conditions imply 



d^iA,-V,)-d,iA^-V^) = , 

(5.9) 



2> 



Thus, B. is constant, = V"^ up to a flat connection, and V"^ is a Killing vector of constant 
norm = V^V^. 

We will now analyze the various cases that arise as a consequence of the integrability 
conditions (|5.9|): 

1. ) If = 0, then i?^;^ = 2H'^g^^. Since the metric is real, H is either real or purely 

imaginary. Therefore, Ai has constant sectional curvature, and hence it is locally 
isometric to S^,T^, or H^, depending on whether H is purely imaginary, zero, or 
real, respectively. When H is purely imaginary, we recover the round of [|2|-^, see 
also 

2. ) If V"^ 7^ but H = 0, then is covariantly constant. It follows that V^, and hence v, 

is either real or purely imaginary. Therefore, Ai is locally isometric to R x E, where 
points along M and E is a surface of constant curvature R^'^^ = 2v'^. Hence, E is locally 
isometric to S'^,T'^, or H^, depending on whether v is purely imaginary, zero, or real, 
respectively. As in four dimensions [Q, we can choose A^ = and compactify M 



to S^. When E = S"^, this background can be used to compute a supersymmetric 
index 0. 

3.) If both 7^ and H ^ 0, then H is purely imaginary and is either real or purely 
imaginary. The nowhere vanishing Killing vector then determines a fibration over 
a surface E with a metric gin, of constant curvature, 

g'ff = - ^V^V, , =2{v^ + 4H^) . (5.10) 

Therefore, E is locally isometric to S'^,T'^, or H^: 
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3a.) If E is isometric to a round S"^ of radius |, we can introduce coordinates {if) , 9 , (p) , 
where < 6 < tt and ~ + 27r are the usual angular coordinates on 5'^. The metric 
and the background fields are then given by 



ds^ = ^ (^h^ {d^ + 2 sin^ ^ V {d9^ + sin^ 9 dcj)^) 



4 V ^ " 2 
nr r 



(5.11) 



Here is an angular coordinate with periodicity i/j ~ i/j + 47r, which parameterizes 
a Hopf fibration over iS"^. This metric describes a squashed three-sphere 5'^, which 
preserves an SU{2) x U{1) isometry. (In the limit h = ±1, we obtain a round of 
radius r.) It is convenient to define a squashing parameter b via 

h=-(b+\] . (5.12) 



2 V 6 



Supersymmetric theories with four supercharges on were constructed in |||,|Tol . We 
will make use of this supersymmetric background in section 8. 
3b.) If E is flat, we can introduce coordinates p, 0), such that p > and ~ + 27r 
are polar coordinates on E. The metric and the background fields are then given by 



ds^ = ^ (h^{dil) + -p^d(j)f + {dp^ + p 
4 V 2 

4 ih 



(5.13) 



3c.) If E is isometric to an of radius |, we can use coordinates (ijj,p,cf)) with p > 
and (p (p + 2n to express the metric and the background fields as follows: 

2 

ds^ = — (h^ {dij + 2 sinh^ ^d<pY + (dp"^ + sinh^ p d<P'^)) , 

^ ^ ^ „ ^ (5.14) 

nr r 



6. Supersymmetry Multiplets and Lagrangians 

In this section, we discuss the general form of the rigid supersymmetry algebra and 
its multiplets. This enables us to construct supersymmetric Lagrangians on any three- 



manifold that admits one or several solutions of the Killing spinor equations (|1.4| ) and ( |1.5|) . 
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6.1. The Supersymmetry Algebra 

Whenever a given three-manifold admits rigid supersymmetry, the corresponding su- 
persymmetry algebra is obtained by taking the rigid limit of the appropriate algebra of 
supergravity transformations. Since a suitably gauge-fixed component formulation of new 
minimal supergravity in three dimensions is not available, we will postulate the corre- 
sponding rigid supersymmetry algebra and subject it to various consistency checks. 

Given solutions C, V of ( p..4|) and solutions (, rj of (pTsP, we take the rigid supersymmetry 
algebra to be 

(6.1) 







Here ^p(r,z) is a field of arbitrary spin, i?-charge r, and central charge z. We use £^ 
to denote a modified Lie derivative along K^, which is covariant under local R- and Z- 
transformations, 

^'K'^{r,z) = ^K'^{r,z) " irKf" (^A^ - ^V^^<^^r,z) " ^zK^" C ^if(^r,z) ■ (6.2) 

The algebra (|6.1D passes several consistency checks: 

1. ) It is covariant under diffeomorphisms, as well as local R- and Z-transformations. 

2. ) It reduces to the usual Af = 2 supersymmetry algebra (|1.2| ) when the metric is flat 

and the other supergravity background fields vanish. Note that z is the eigenvalue of 



the central charge operator Z in (|1.2| ) on the field f(r,z)- 

3. ) It can be derived from the most general ansatz consistent with 1.) and 2.), as well 

as dimensional analysis, by demanding that the algebra close whenever the spinor 
parameters satisfy ( |1.4| ) and (p.. 5]). 

4. ) It can be obtained from the rigid limit of new minimal supergravity in four dimensions 

by a twisted dimensional reduction. This is discussed in appendices C and D. 

6.2. Supersymmetry Multiplets 

In this subsection, we realize the algebra ( |6.1|) on a general multiplet whose bottom 
component is a complex scalar. By imposing constraints, we obtain the transformation 
rules for chiral, anti-chiral, and real linear multiplets. Using these multiplets, we con- 
struct general supersymmetric Lagrangians. Finally, we present the multiplication rules 
for general multiplets. 
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Consider a general multiplet S, whose bottom component C is a complex scalar of R- 
charge r and central charge z. Such a multiplet has 16 + 16 independent bosonic and 
fermionic components, 



S = (C, Xa, Xa, M, M, a^, a, Xa,Xc,D) ■ (6.3) 

All components of S carry central charge z, while the i?-charges relative to the bottom 
component are given by (0, — 1, 1, — 2, 2, 0, 0, 1, — 1, 0). The general multiplet ( |6.3|) is the 
curved-space analogue of an unconstrained complex superfield in flat space, 



(6.4) 



S=C + iex + iOx + -O^M +-e'^M + {eYO)a^ - iOOa 

+ ioH (a - l^^d.x) - ^e'e{\ + l^^d.x) - \e'e' [D + \d'c). 

The supersymmetry transformation rules for the components of S are given by 

5C = iCx + Kx , 

5x = CM-Q{a + {z- rH) C) - rC{D^C + la^) , 
Sx = CM-C{cT-{z- rH) C) - rC{D^C - la^) , 
5M = -2CA + 2i{z-{r- 2) H) Cx - 2iD^{Crx) , 
5M = 2CA ~2t{z-{r + 2) H) Cx - 2zD^ (CYx) , 
Sttf, = -^(C7/xA + C'y^X) + D^{Cx - Cx) , 
5a = -CA + CA + ^ (^ - rH) (Cx - Cx) , 

5\ = tC{D + aH) - ie^^P^pC D^a, - {{z - rH) + iD^a - V^a) , 
5X = -iC{D + aH) - ie'^'P-fpCD^a, + ((^ - rH) + iD^a + F^a) , 
5D = (C7^A - C7^A) - tV^ ((7^ A + (7^ A) - if (CA - (A) 

+ iz- rH) (cA + CA - tH{Cx " Cx)) + j - '^V^V^ - 6H^) (Cx - Cx) • 

(6.5) 

Here R is the Ricci scalar and we have defined a covariant derivative 

D^=V^- ir(A^ - - izC^ . (6.6) 



2 

It can be checked that the transformation rules (|6.5D realize the algebra (^T|) whenever 



the spinors ^,rjX,V satisfy the Killing spinor equations ( |1.4| ) and (|1.5| ). To show this, it 
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is convenient to use the integrability condition (|5.8|) , as well as the Killing spinor equa- 
tions themselves. Alternatively, the transformation rules (|6.5|) can be obtained by appro- 
priately reducing the supersymmetry transformations corresponding to the rigid limit of 
four-dimensional new minimal supergravity (see appendices C and D). 

We can obtain other useful supersymmetry multiplets by starting with the general 
multiplet (|6.3|) and imposing constraints: 

1. ) Chiral Multiplet: Imposing Xq = leads to a chiral multiplet $ = {(^ji/^a, F) of R- 

charge r and central charge z. The consistency of the transformation rules ( |6.5| ) 
implies that $ is embedded in a general multiplet ( |6.3| ) as follows: 

$ = ((p, -V2iil;, 0, -2iF, 0, -iD^(p, {z - rH)(f), 

^ r X (6-7) 

0,0,-{R-2V^V^- 6H^) (j)-{z- rH) H<p^ . 

The supersymmetry transformations rules for the components of $ are then given by 

50 = V2Ci^ , 

= y/2CF -V2i{z- rH) C0 - v^i-f^^CD^cP , (6.8) 
SF ^V2i{z-{r- 2)H) - V2iD^ (Ct"^) • 

2. ) Anti-Chiral Multiplet: The conjugate to $ is an anti-chiral multiplet $ = (0, '0q,,-F) 

of -R-charge — r and central charge — z, which is embedded in a general multiplet ( |6.3| ) 
with Xa = 0, 

$ = 0, V2i^, 0, 2iF, iD^^, {z - rH) 0, 

0,0,^{R-2V^'V^-6H^)^- {z~rH)H^^ . 
Its supersymmetry transformations are given by 

50 = -V2Ci^ , 

5^ = y/2CF + V2i{z- rH) C0 + V2i-f>'CD^^ , (6.10) 
SF = V2i{z-{r- 2)H) - V2iD^ (Ct''^) • 



(6.9) 



3.) Real Linear Multiplet: If we set M = M = in ( |6.3| ), we obtain a real linear multi- 
plet J' = {J, jet, jai jfj,, K). It has vanishing R- and Z-charge, r = z = 0, and is a 
conserved current, so that V^j^ = 0. In terms of the general superfield (|6.3|) , 



J = (j, i, J, 0, 0, -j^ - V^J, -K, -'-Hj + ^7'^(D^ + V^)i, 

\ . ^ (6.11) 

'-Hj - iY{D^ - '-V^)j, -V^j^ -HK- WW^J - y^F^ j) . 
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The transformation rules are given by 



5J = iCi + <i , 

5 J = CK + irC{j^ + id^J + V^J) , 

5j = CK-iYC{j^-td^J+V^j) , (6.12) 

We can use the multiplets above to write general supersymmetric Lagrangians, i.e. 
scalar operators of vanishing R- and Z-charge that transform into a total derivative under 
supersymmetry transformations: 



1.) D-Terms: Consider a general superfield S with r = z = 0. We see from (|6.5D that 



the D-component of S does not transform into a total derivative. However, it is 
straightforward to check that the supersymmetry variation of the following Lagrangian 
is a total derivative: 

^j, = -^{D- a^V^" - aH) . (6.13) 

This is the curved-space analogue of a general D-term Lagrangian. 
2.) F-Terms: The F-component of a chiral superfield $ with r = 2 and ^ = has 
vanishing R- and Z-charge. Moreover, it follows from ( |6.8|) that the supersymmetry 
variation of F is a total derivative. Similarly, it follows from ( p. 10] ) that the same 



is true for the F-component of an anti-chiral superfield $ with r = —2 and z = 
Therefore, we can write the curved-space analogue of a general F-term Lagrangian, 

^p = F + F. (6.14) 

Improvements of the R- Current: At the linearized level, we can perform an improve- 
ment ( p.3| ) of the 7^-multiplet by a linear multiplet J'. This has the effect of coupling 
the flavor current embedded in J' to the i?-symmetry gauge field A^^. At the 
non-linear level, we can couple the conserved current in the linear multiplet ( |6.11| ) 
to A^^ and use ( |6.12| ) to find suitable correction terms to obtain a supersymmetric 
Lagrangian: 

= (a'^ - ^F^) +HK-^{R~ 2V^V^ + 2H^)J . (6.15) 
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Below, we will use these formulas to write supersymmetric Lagrangians for Abelian gauge 
theories coupled to chiral matter. 

Finally, we will describe the multiplication rules for general multiplets. Given two 
such multiplets 5i, ^2, whose bottom components Ci, C2 have i?-charges ri, r2 and central 
charges zi, ^2, we would like to construct a multiplet S with bottom component C = C1C2. 
Using the transformation laws in ( |6.5| ) , we find that the components of S are given by 

C = CiC2, X = X1C2 + C1X2 , X = X2C2 + C1X2 , 

M = M1C2 + C1M2 - ixiX2 , M = M1C2 + C1M2 - ixiX2 , 

fl/i = ai^C2 + Cia2^ - - (xi7mX2 - Xi7mX2) , o" = 0-1C2 + C1CT2 + - (xiX2 + X1X2) , 
A = (A1C2 + ^MiX2 - ^7^X1 (a2M - ^D^C2) + '-X1 (c^2 + (^2 - r2H) C2) ) + (1 ^ 2) , 
A = (A1C2 - ^MiX2 - ^7^X1 (a2M + ^D^C2) - \xi (c^2 - (^2 - rai?) C2) ) + (1 ^ 2) , 
D = + C1D2 + ^MiM2 + ^MiM2 - a^a2^ - ai(72 - D^CiD^C2 

+ (zi - riif) {z2 - r2H) C1C2 - - ((^1 - Z2) - (ri - r2) i?) (xiX2 - X1X2) 
- Xi (A2 - ^7^^mX2) + Xi (A2 + ^7''^mX2) - (Ai + ^I^mXi7'')x2 



+ (Ai - 2^a'Xi7^)x2 - V"''(xi7a*X2 - Xi7mX2) 



6.3. Adding Gauge Fields 



(6.16) 



In this subsection we explain how to accommodate gauge fields and charged chiral 
matter. For simplicity, we restrict ourselves to Abelian gauge fields. The extension to the 
non-Abelian case is straightforward. 

A gauge multiplet V is a general multiplet ( |6.3| ) of vanishing R- and Z-charge, subject 
to the gauge freedom 

5V = + 0, (6.17) 

where Q and O are chiral and anti-chiral, respectively, and also have vanishing R- and Z- 
charge. We can use this gauge freedom to partially fix a Wess-Zumino gauge, 

V= (0,0,0,0,0,a^,cr,A,A,D) . (6.18) 
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The residual gauge transformations that preserve this form of V are given by 



Sa, 



.A(«) 



(6.19) 



where ui,oj are the bottom components of 0,0. Therefore, is an Abehan gauge field. 
We will denote its field strength by f^^, = d^ai, — d,^a^. As before, the fact that we 
are working in Euclidean signature means that the gauge parameter A(") in (|6T9[) IS 
generally complex. In Wess-Zumino gauge, the supersymmetry transformations of V follow 
from and 

5a = -CA + CA , 



6X = iC{D + aH) - -e^'-P^pC J^. - {id^cj - V^a) , 

SX = -iCiD + aH) - '-e^'^P^pCf^.u + l^C{id^o + V^a) , 
5D = V^iCrX - Ct'^A) - zF^(C7^A + Ct'^A) -H{CX- (X) 



(6.20) 



As usual, the supersymmetry transformations (|6.5| ) take us out of Wess-Zumino gauge, 
which must be restored by a compensating gauge transformation of the form ( |6.17|) . We 
will return to this point below. 

As in fiat space, it is convenient to define a gauge-invariant multiplet E, whose bottom 
component is a. Using the supersymmetry variations in (|6.2UD, we find that E is a real 



a 



linear multiplet ( 6.11 ) with 

J 

Jfj, 

Below, we will use E to write supersymmetric Yang-Mills and Chern-Simons terms. 



--F 



j = -^A , 
K = D + aH 



(6.21) 



Under a gauge transformation ( 6.17 ), a chiral multiplet $ of charge q and an anti-chiral 
multiplet $ of charge —q transform as follows: 



5$ = 2gO$ 



5$ = 2^0$ . 



(6.22) 



Here the chiral multiplets O and $ are multiplied according to the rules in (|6.16|) , which 
gives another chiral multiplet, and similarly for O, $. Note that under the residual gauge 
freedom (|6.19|) that preserves Wess-Zumino gauge, we have the usual transformations 5^ = 
^gA(°)$ and 5$ = -iqA^""^^. 
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Since we will work in Wess-Zumino gauge throughout and this gauge is not preserved 
by the supersymmetry transformations derived in the previous subsection, we will need to 
accompany them by an appropriate gauge transformation to restore Wess-Zumino gauge. 
This modifies the supersymmetry transformation rules of charged fields. In particular, 
a chiral multiplet ((^, i/'q,, F) of charge q, i?-charge r, and central charge z transforms as 
follows: 

(5V = -V2i{z-qa- rH) ((p - V2i-f''CD^(j) , (6.23) 

SF = V2i{z-qa-{r- 2)H) + 2iq<pQ\ - V2iD^ (Cl^'ip) ■ 

Here we have extended the definition of the covariant derivative to also include the 
gauge field a^, 

D^^V^- ir - ^^m) - ^^C^ - iqa^ . (6.24) 

Therefore, the transformations ( |6.23D are covariant with respect to all gauge redundancies. 
Note that a only appears in the combination z — qa. We will return to the relation 
between z and a below. The transformation rules for a charged anti-chiral multiplet are 
similarly modified. 

Since charged fields have modified supersymmetry transformation rules, they also 
obey modified multiplication rules. In order to construct supersymmetric Lagrangians for 
charged fields, we will need to know how to multiply a chiral multiplet $ = {(pji/jct, F) 
of charge q, i2-charge r, and central charge z with its conjugate $ = (0, i/Jq,, i^) Jl The 
relevant components of the product multiplet K, = = {C^^\ Xa~\ ■ ■ which does not 
carry any charge, are given by 



a 



= 2[z - qa - rH)(j)(j) + iijjip , 
D(^) = -2D^^D^(p + ii)YD^tl) - iDf^^j^ip + 2FF ^^''^^'^ 
-2{qD+{z- rH)H + {z - qa - rHf - ^{R - ^VVf, - 6H^) 
-2i(^z-qa- rH^^i(; + 21/'' ^7^7/; - 2V2iq{4)X'i/j + 0A^) . 
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Alternatively, as in fiat space, we could use the unmodified multiplication rules ( 6.16 ) and 



consider the gauge-invariant product multiplet ^>e evaluated in Wess-Zumino gauge. 
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So far we have discussed vector multiplets that contain dynamical gauge fields. We 
can also consider background vector multiplets, which couple to global fiavor symmetries. 
While we are free to consider arbitrary classical configurations for these background vec- 
tor multiplets, only certain configurations are consistent with rigid supersymmetry. By 
analogy with our treatment of background supergravity, these are the configurations for 
which the gauginos A, A as well as their supersymmetry variations 5A, 6X in ( |6.2C1|) vanish. 
(See |]3^ for a related discussion in four dimensions.) The only configurations compatible 
with four supercharges take the form 

= -aC^ + aj') , d^a = , D = -aH , (6.26) 

where a^'^^ is a fiat connection. (More general background gauge fields are allowed in the 
presence of fewer rigid supercharges.) As in fiat space, real values of a give rise to real 
masses for chiral superfields charged under V (see below). However, we are free to consider 
complex values of a and a^'^'' and this played an important role in pO| , p3| , |3^ . 



6.4- Supersymmetric Lagrangians 

In this section we use the formalism developed above to write down supersymmetric 
Lagrangians for gauge fields and chiral matter. We first consider supersymmetric La- 
grangians for an Abelian gauge field V in Wess-Zumino gauge, as in ( |6.18| ). Starting with 



different multiplets constructed out of V and applying (|6.13|) or ( |6.15| ), we obtain the 
following supersymmetric Lagrangians: 



1.) Fayet-Iliopoulos Term: Applying ( |6.13| ) to — 2^V, we obtain 



^Fi = - a^V - aH) , (6.27) 
where ^ is the dimension one Fayet-Iliopoulos parameter. 



2.) Gauge-Gauge Chern- Simons Term: By applying (|6.13| ) to the multiplet ^VE, we 



obtain a level kgg Chern-Simons term for the gauge field a^, 

kn 



= (ie^'^Pa^d^ap - 2Da + 2iXX^ . (6.28) 



3.) Gauge-R Chern-Simons Term: By applying (|6.15| ) to the real linear multiplet J' 



— -^E, we obtain a mixed Chern-Simons term for the gauge field and the back- 
ground i?-symmetry gauge field A^, 



^gr = ^ (^ie'"'Pa^d,(^Ap - -DH + ^a{R - 2V^V^ - 2H^)^ 



(6.29) 
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This term played an important role in p3|,|3^ 



4.) Yang-Mills Term: If we apply (|6.13| ) to — ^E^, where e is the gauge coupling, we 
obtain Yang-Mills kinetic terms for a^, 

. _ (6.30) 

Finally, it is straightforward to obtain the Lagrangian for a chiral multiplet $ of 
charge q, i?-charge r, and central charge z, and its conjugate anti-chiral multiplet $, by 
applying ( |6.13| ) to the product multiplet /C = and using (|6.25| ). Here we only consider 
the case where $ has canonical Kahler potential. Using the formalism developed above, it 
is straightforward to obtain the corresponding results for a general Kahler potential. The 
answer can be succinctly expressed using a modified covariant derivative, 

9^ = D^ + iroV^ = - ir(^A^ - ^V^^ - i{r - ro)V^ - izC^ - iqa^ . (6.31) 

Here vq is the superconformal -R-charge for a free chiral field, i.e. 'ro(0) = |, ro(ijj) = — |, 
and similarly for cp, tp. The Lagrangian is given by 

= ^^'^^^(P - i^-f^'%^ -FF + q{D + aH)4>(j) - 2(r - l)H{z - qa)4>4) 

+ ( (z - qaf - ^i? + i (r - \)V^V^ + r(r - \)H'^)4>ct> (6.32) 

+ (^z-q(j - {r- ]^H^i^%l) + ^/2iq{4)\ip + cf)X^) . 

When (p has superconformal i?-charge r = vq = ^ and central charge z = 0, the background 
fields — and H, which are absent in conformal supergravity, drop out. 

Note that if we view the gauge multiplet as a background field and turn on a con- 
figuration of the form (|6.26| ), then D = —aH and the constant value of a simply gives a 
contribution —qa to the central charge z. If a = m is real and q = 1, this corresponds 
to a real mass m for the chiral multiplet $. Thus, as in flat space, real masses for chiral 
multiplets correspond to suitable background gauge fields for fiavor symmetries. 



7. Comparison with Linearized Supergravity 

In this section we expand the background fields discussed in section 4 and the super- 
symmetric Lagrangians in section 6 around fiat space. In this limit, we can also derive 
them using the linearized supergravity formulas of section 2 and our knowledge of the TZ- 
multiplet in fiat space. This comparison serves as a non-trivial check of our results and 
elucidates their structure in terms of familiar fiat-space objects. We also comment on the 
fact that the first-order deformation of the Lagrangian around fiat space is Q-exact. 
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7.1. Linearized Background Fields 



In an expansion around flat space, g^i, = 5^^, + 2/i^,^, the linearized couplings to new 
minimal supergravity are given by ( |2.10| ), 

5^ = -T^^h^"" + ff^ {A^ - 1^") + ii^^C'^ + J^^^H . (7.1) 

Here we have omitted terms containing the gravitini, which are set to zero in the rigid 
limit. We would like to determine the background fields Af^,V^,H that are needed to 
preserve a given supercharge C- At leading order around fiat space, we are free to choose 

Ca= (J) , (7.2) 

which corresponds to s = 1 in ( p.7| ). It sufiices to find linear combinations of T^^, and 
the other bosonic operators in the 7^-multiplet that are invariant under the fiat-space 
supercharge Sq corresponding to (. 

Using (|2.2|) , we find that the components of the 7^-multiplet transform as follows: 

SqSf^ = , 



2" ' 



As in section 4, we switch from the usual fiat-space coordinates x^,x^,x^ to the adapted 
coordinates^ 



T — , z — x^ — ix^ , z — x^ + ix^ , (7.4) 



so that the almost contact structure corresponding to C, in (|7.2| ) is given by = d^. 
Using the transformation laws in ( [7.3] ), we find that the following operators are invariant 



Here we define z, z so that the usual orientation £123 = 1 corresponds to e^^^ = 2i. 

30 



under (5q, i.e. they are Q-closed: 



(R) 



(7.5) 



if > - ia, j<2' . 

There is, however, no Q-invariant combination that contains T-^. The operators in ( |7.5| ) 
are also Q-exact. They are proportional to the six operators SqS^o. in ([7.31). We will return 
to this point below. 

Using the operators in ( [7.5|) we find that the following Lagrangian is Q-invariant: 



- 2h--^{T^-z - zjf ) - za.jf ) + + (7.6) 

- 2h^-^{Tz-z - \dzff^ - \drJ^'^) + /Ijf ) - Z4 J(^)) . 

Here /^(r, 2) is a complex function and we have set hrr = by a gauge transformation in 
order to compare with the formulas in section 4. The absence of a term proportional to h^^ 
is due to the fact that there is no Q-invariant operator containing T^. Since the metric is 
real, this also means that h^^ is absent. Integrating by parts and comparing with ( [7.1| ), we 
can determine the background fields A^, V^,H in terms of and the linearized metric, 

= 2i{dzh^^ - d^h^^) +dzf' , 
V = -2idrh^^ - drf , = 2idrh''' , 

H = djh^^ - dzh^' - \drh'~' + idzF , (7.7) 

3 

Ar = Ai{dzhrz - djhrz) + -dzF , 

3 

Az = idrhrz — 2idzhzz , A^ = —Sidrhrj — ~^tI^ ■ 

The metric-dependent terms precisely agree with the linearization of ([4.5| ), ( [4.14|) , 
and ( [4.19|) . The function corresponds to the linearized shifts in (|4.2| ) with = —drf^ 
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and K = dzf^ ■ Note that the condition ( |4.3|) is automaticaUy satisfied. (See appendix B 



of for a related discussion in four dimensions.) 

The fact that the hnear terms in the background fields are Q-exact does not guarantee 
that the same is true at the non-linear level, where both the Lagrangian and the supersym- 
metry transformations are modified. Understanding these non-linear terms is essential in 
order to establish the parameter dependence of the partition function on supersymmetric 
manifolds. We will present this analysis elsewhere. 

7.2. Linearized Lagrangians 

In the previous subsection we used the general structure of the 7^-multiplet to repro- 
duce the supersymmetric background fields of section 4 at the linearized level. Similarly, 
we can reproduce the supersymmetric Lagrangians of section 6 at the linearized level by 
examining the 7^-multiplet for gauge multiplets and chiral matter. 

1.) Gauge Multiplet: Let V be a U{1) vector superfield and consider the Lagrangian 



where E = ^DDV is the field-strength superfield, k is the Chern-Simons level, and ^ 
is the Fayet-Iliopoulos parameter. This Lagrangian is the fiat-space limit of ( |6.27|) , 
( |6.28|) , and ( |6.30|) . It leads to the equation of motion -^DDT, = — which gives 



the following 7?.-multiplet: 

n^p = -I {D^ED^E + DpED^E) , J^^^ = -^E + ^DD{E^) . (7.9) 



e 



Note that the Chern-Simons term does not contribute to the 7^-multiplet. We will 
need the following bosonic components: 

if ^ = ^a^(2a^. - ^e^.p Va) + y ^^.p/^'' , (7.10) 

Substituting into ( |7.1| ), we find perfect agreement with the first-order terms in ( |6.27] ) 
and ( |6.30| ). The Chern-Simons term ( |6.28| ) does not contain any first-order terms. 



consistent with the fact that it does not contribute to the 7?.- multiplet. In this example 
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we have not discussed the energy-momentum tensor T^j,, since it can be obtained 
by the usual procedure of minimaUy couphng the flat-space Lagrangian ( fT^ ) to the 
metric. We wiU now discuss an example where this is no longer the case. 

2.) Chiral Multiplet: Let $ be a chiral superfleld of i?-charge r and real mass m, and let $ 
be its conjugate anti-chiral superfleld. Consider the Lagrangian 

= I d^e^e-^'"^^^^ , (7.11) 



which is the flat-space limit of ( |6.32D , with z = —m and q = Q. The equations of 
motion L)^ (6"^*""^^$) = 1)^(6"^*"^^^$) = imply that the 7^-multiplet is given by 

7^a/3 = (e^'^'''D^{e-^^^^'^)bp{e-^^'^^'^) - '-[D^,bp]j) + (a ^ /3) , 

Here J = $e~^*"^^^$ is a real linear multiplet, D'^J = D'^J = 0, which contains the 
conserved current = i[(f)dfj,4> — df^cfxp) —ij^'^f^ip associated with the global ^7(1) flavor 
symmetry of ( [7.11| ) . Note that the terms in ( |7.12D proportional to the i?-charge r take 
the form of an improvement transformation ( |2.3| ) by J^. The bosonic components of 
the 7^-multiplet ( [7.12|) are given by 



(■R) = ir{(j)d^(f) - (9^00) - (r - l)ilj-f^ij , 

- d^d^)(f)(j) , 

~, (7-13) 



jif) = -mjf, -i(r- ^e^.^pd"]' 



Here the ellipsis denotes the usual, unimproved energy-momentum tensor that follows 
by minimally coupling the flat-space Lagrangian (|7.11 ) to a background metric. As 



above, we can substitute these operators into (|7.1|) and flnd perfect agreement with 
the flrst-order terms in (|6.32|) with z = — m and q = 0. In particular, the improvement 
term in T^j. reproduces the coupling to the Ricci scalar R. 
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8. The Energy-Momentum Tensor Two-Point Function 

In this section we will show how the flat-space two-point functions of the i?-current 
and the energy-momentum tensor in = 2 superconformal theories can be computed 
using localization on the squashed three-sphere discussed in section 5.2. Recall that in 
four-dimensional = 1 SCFTs, the two-point functions of currents are related to anom- 
alies, and hence calculable. For instance, the two-point function of the energy-momentum 
tensor is determined by the c-anomaly. Even though there are no local anomalies in three 
dimensions, these two-point functions are nevertheless calculable using localization. 

8.1. Two- Point Functions from Squashing 

Given an A/" = 2 SCFT, we can place the theory on the squashed three-sphere 
by coupling its superconformal 7?.-multiplet to the background fields in (|5.11| ). Recall 



that the 7^-multiplet is not unique in the presence of Abelian flavor symmetries. The 
superconformal 7^-multiplet can be determined using F-maximization on the round three- 
sphere P, |52| , |55| , which also allows us to extract the two-point functions of the Abelian flavor 
currents in the SCFT |^^. Here we will consider the SCFT on the squashed sphere 
and extract the two-point functions of the i?-current and the energy-momentum tensor. 
We will study the partition function Zgs and the associated free energy, 

h 

Fib) = -log Zgs , (8.1) 

b 

as a function of the squashing parameter b near b = 1, which corresponds to the round S^. 
If the SCFT arises in the deep IR of an RG flow from a free theory in the UV, then F{b) 
can be computed exactly using localization [|6|,p!0[]. We will show that 



= —Trr , (8.2) 



where the coefficient Trr > determines the two-point functions of the i?-current and the 
energy- momentum tensor in flat space and at separated points (see for instance @), 

Ofnx)^i^)(o)) = ^(5,.5^-5,a.)l, 

(r^.(x)r,.(o)) = -^{6^,d' - d^d,)iSp,d' - d,d^)^ (8.3) 

+ ^ ((^MP^' - dMiiS^^d' - dM + (/u ^ z.)) ^ . 
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The fact that both correlators are given in terms of Trr foUows from superconformal in 
variance. A free chiral multiplet has Trr = \- 

It is convenient to use coordinates on that reduce to stereographic coordinates 
on when 6 = 1.0 The metric ( |5.11| ) on the squashed sphere then takes the form 



-IN 2 



b + b-^J ^ ' l + xf^x^ ' ^g_4^ 

Vf.dx^' = if {{x^dx^ - x^dx^) + (1 - n-^)dx^ + x^Xf.dx") , 

where we have set the radius r = 1 in (|5.11|) . The vector is KiUing and satisfies v'^v^ = 1. 
In these coordinates, the other background fields are given by 

A, = V, = {b-b-')v,, C, = ^(^l^y,, H='-^^±^. (8.5) 

If the squashed sphere is nearly round, so that b = 1+Sb with \ Sb\ <^ 1, then the background 
fields and are of order db, while g^i, and H differ from their values on the round 5""^ 
by terms of order (Sb)'^. 

We will use the conformal mapping of primary operators from flat space to the 
round to understand small deformations of the theory on around 6=1. At or- 
der Sb, the Lagrangian is modified by the operators that couple to and V^, 

S^i = {A^ - Iv^)jII'^ + ,f = Sbv^{^Jif^ - )) . (8.6) 

At order {Sb)'^, the Lagrangian is modified by some operator O, whose one-point function 
on the round must vanish by conformal invariance, 

6^2 = {SbfO , (0)s3 = . (8.7) 



Using and (|J), we find that 



db^ 



d^y^ / d^y^ v^{x)v^iy){j^^^''{x)j^^^''{y))s3 + (contact terms) . 
&=i Js^ 7s3 



The first derivative of F{b) is determined by a one-point function, and hence it vanishes 
at 6 = 1 by conformal invariance. In deriving (|8.8|), we have omitted the contribution of 



In this section, we raise and lower the indices on the coordinates using 5^,^, so that x'^x^ 
Sfj.ux'^x'^ . Tensor indices are raised and lowered using the curved metric 5(^1,, as usual. 
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( Z') 

the operator jl^ in (|8.6|) , since it is redundant in the SCFT, i.e. its correlation functions 
vanish at separated points. However, both j^f^ and j^^'' may give rise to contact terms. 
As we wiU explain below, these can only affect the imaginary part Im F{b). To study the 
second derivative of the real part ReF{b) we only need the two-point function of j/j, at 
separated points. 

Using a conformal transformation, we can map the flat-space two-point function of 
in ( p.3|) to the round S^. At separated points, we find 

{j(^-)'^{x)j^^>{y))s^ = ^ - yf - 2{x - yY{x - yf) , (8.9) 

where s{x,y) is the SO{4) invariant distance function on S^, 

s{x,y) = —3^^^=. (8.10) 

Substituting into (|8.8| ), we find that the integral is UV divergent and must be regulated. 
The answer is finite and unambiguous due to current conservation,lll and it reduces to ( |8.2|) . 

To complete the argument, we must analyze the effects of possible contact terms 
in ( |8.8| ) . All contact terms in correlation functions of operators in the 7?.-multiplet are cap- 
tured by local terms in the background supergravity fields, which may contribute to F{b). 



These local terms were classified in |^^. Their reality properties are fixed by the corre- 
sponding contact terms in fiat space. On the squashed sphere, they only contribute to the 
imaginary part Im. F{b), and hence they cannot affect ( |8.2| ). 

8.2. Examples 

We will illustrate ( |8.2| ) in two examples: a free chiral multiplet and any large-A^ 
superconformal theory with an AdS^ x supergravity dual. 

The partition function F^{b) for a free massless chiral multiplet $ of superconformal R- 
charge r = ^ was computed in fl^ using localization. A useful representation of F^{b) is 
given by (see for instance p9|,[5C 



F.m^-I f-f -1) . (8.11) 

2x \smh(tej smh(o ^xj x/ 



so that 



d^F 



db^ 



(8.12) 

b=i ° 
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See section 3 of |33|, where a similar issue is discussed in detail. 
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This agrees with (^]^) when r^r = I, which is the correct value for a free chiral multiplet. 

Consider an A/" = 2 Chern-Simons-matter theory with an AdS4 x X'^ supergravity 
dual. (Here is a Sasaki-Einstein manifold.) In the large-A^ limit, the dependence on 
the squashing parameter simplifies dramatically ||1C1|| , 

(6 + 6-1^2 



Fl] 



1.13) 



while the free energy F{1) on the round is simply related to r^r ^1 



IT 



.14) 



Again, we find perfect agreement with 
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Appendix A. Conventions 

A.l. Flat Euclidean Space 

The metric is given by 5^^j^ with = 1,2,3. The totally antisymmetric Levi- 

Civita symbol is normalized so that £123 = 1. A spinor transforms as a doublet 
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of Spin(3) = SU{2). Spinor indices are raised and lowered by acting on the left with the 
antisymmetric symbols s'^^^Eap, which are normalized so that e^^ = £21 = 1- When spinor 
indices are omitted, all spinor products are to be read as follows: 

V'X = . (A.l) 

The Hermitian conjugate spinor '0^, which also transforms as a doublet of SU{2), is defined 
with the following index structure: 

(V;+)" = (V^, (A.2) 

where the bar denotes complex conjugation. On anti-commuting spinors, we take Her- 
mitian conjugation to be order reversing. We use ip, ip to denote spinors that would be 
conjugate in Lorentzian signature. In Euclidean signature, they are independent. 
The gamma matrices are given by 

i^na^ = ia^-a\-a^), (A.3) 

where cr^,cr'^, cr^ are the Pauli matrices. They satisfy the following identities: 

(A.4) 

The J\f = 2 anti-commuting superspace coordinates are denoted by 9a, a, and the 
supercovariant derivatives are given by 

= - i{rO)ad, , Da = - J- + i{^^e)ad, . (A.5) 

We also define the superspace integrals 

Jd^ee^ = i, Jd^ed'^ = i, Jd^e0^d^ = i. (a.6) 

A.2. Differential Geometry 

Lowercase Greek letters /x, zv, . . . denote curved indices, while lowercase Latin let- 
ters a, 6, . . . denote frame indices. Given a Riemannian metric g^^i,, we can define an 
orthonormal frame e^* , 

9^.. = Sabelel , g^'^e^el = S^" . (A.7) 
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We will also denote g = |det(gf^j,) |. The spin connection corresponding to the Levi-Civita 
connection V^^ is given by 

a;^a' = e^V^e^ . (A.8) 

The Riemann tensor takes the form 

(A.9) 

The Ricci tensor is defined by R^i, = R^pu^, and R = R^,^ is the Ricci scalar. In these 
conventions, the Ricci scalar is negative on a round sphere, i.e. R = —6 for the round unit 
sphere. In three dimensions the Weyl tensor vanishes, so that 

Rfiupx = Rp.pgu\ — Rfixgup — Rupgp.x + Ru\gp.p — -^R {g^pgux — gp.\gup) ■ (A.io) 

The covariant derivative of a spinor is given by 

V^V = (9^ - ^a;^abe"''^7c)^ , (A.ll) 

so that 

^^.p[V^V^^= ^(2i?^.-i?f?^.)7"V' ■ (A.12) 
The Lie derivative of ^/J along a vector X = X^d^ is given by p2| , 

Cx^ = X^V^i^ + '-{y^X^)e^''P-fpij . (A.13) 

On tensors, the Lie derivative is defined as usual. For instance, the Lie derivative of (^^i, 
along Tj^ in ( |4.7| ) is given by 

Cr,^^^ = v^'^p^". - VpTj^'^P^ + V.rjP^% . (A.14) 

Appendix B. Almost Contact Structures 

In this appendix we review some properties of almost contact (metric) structures in 
three dimensions. (For additional background, see for instance [|5^.) We also introduce 
a family of connections that are compatible with a given almost contact metric struc- 
ture (ACMS). Finally, we study the consequences of the integrability condition ([4.7|). 
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B.l. Basic Definitions 

Given a nowhere vanishing one- form 77^, a vector field and a (1,1) tensor ^^i, on 
an orientable three-manifold the triple (77,^, $) defines an almost contact structure, if 
the following conditions are satisfied: 

r]^e = 1 , = -S^. + . (B.l) 

The endomorphism $ has rank two, and its left and right kernels are generated by rj 
and ^, respectively: if X'^ satisfies ^'^^yX'^ = 0, then it is proportional to and if 
satisfies $7^$'^;^ = 0, then it is proportional to 77^. 

The vectors orthogonal to 77^ define a sub-bundle V of the tangent bundle. Then $ 
induces an almost complex structure J = on P, i.e. = = —1. (In this 

sense, an almost contact structure is the three-dimensional analogue of an almost complex 
structure.) We can use J to split V into holomorphic and anti-holomorphic vectors. This 
can also be expressed directly in terms of $: a vector X^^ is holomorphic if and only 
if ^'^,yX'^ = iX'^ . Similarly, a one-form is holomorphic if and only if 0^$^j, = iQ,^. 

If the manifold Ai is endowed with a Riemannian metric g^,^, we say that the almost 
contact structure (77, 1^, $) is compatible with Q/^i, if the following conditions hold: 

= 7/^^ , 9px^%^\ = 9pu - VpV. ■ (B.2) 

This defines an almost contact metric structure (ACMS) on Ai. The existence of such a 
structure is equivalent to a reduction of the structure group of the tangent bundle to U (1). 
On an orientable three-manifold, an ACMS is equivalent to a choice of metric and a nowhere 
vanishing one- form 77^. In this case, there is a choice of orientation such that = 7^^ 
and ^^i, = e^T^prjP satisfy ( [B.l| ) and ( [B.2|) . This shows that every orientable Riemannian 
three-manifold admits a metric-compatible almost contact structure. 

B.2. Compatible Connections 



Given an ACMS, it is convenient to introduce a compatible connection [Q- 
three dimensions, it is sufficient to impose V ^gj^p = and V pTj^, = 0. In general, a con- 
nection is metric compatible if and only if its connection coefficients can be expressed 
in terms of g^.^, and the contorsion tensor K^,^p, 

r'^.p = \9^'' {d.gpx + dpg^x - dxg^p) + K^up , K^^p = -Kp,^ . (B.3) 
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When the contorsion vanishes, we recover the Levi-Civita connection V^. The spin con- 
nection corresponding to is given by 

The most general metric-compatible connection that also satisfies W ^rji, = has con- 
torsion 

Kij,„p = r]pV^r]p - r]pV^r]^ - 2W^^pp , (B.5) 

where W^, is any smooth one-form. Since this connection preserves the ACMS defined 
by rip, its holonomy is contained in U{1). When rjp is given in terms of a spinor as 
in ( p.3| ), the covariant derivative V^C is given by 

V^C = (V^ - ^Wp)C- ^{VpV.)YC ■ (B.6) 

Here we have not assumed that ( satisfies the Killing spinor equation ( p..4| ). In section 4 
we choose the one-form Wp as follows: 

Wp = -^rjps'^P^dpr^x . (B.7) 

B.3. Integrability Condition 

Here we study the integrability condition ([4.7|), 

$^(£5$%) = . (B.8) 

Even though we arrived at this condition via ( [4.6|) , which requires a metric, the condi- 
tion (p.8| ) only depends on the almost contact structure (77,^,$). Given a holomorphic 
one- form O^, such that 0^$^,^ = iO^,, we can take the Lie derivative along ^ and use ( p.8| ) 
to obtain 

{c^np)^^, = ic^n, . (B.9) 

This shows that C^Qp is also a holomorphic one- form. 

We will now show that there are local coordinates (r, z,z), which are adapted to the 
almost contact structure, so that ^ = dr and O = Vtzdz. The existence of such adapted 
coordinates constitutes a three-dimensional analogue of |j5^ . Since ^ is nowhere vanishing, 
we can always choose coordinates such that ^ = dr. Moreover, ^^Vtp = 0, so 

that O = Vt2dx^ + Vtj,dx^. We define the complex ratio function P = f^, which is smooth, 
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non- vanishing, and does not depend on the choice of O^, i.e. it is determined in terms 
of ^^u- Therefore, the holomorphic one-forms and C^Q^ have identical ratio functions, 
which imphes that drP = 0. It foUows from classical theorems in the theory of linear 
partial differential equations (see for example chapter I and chapter 4, §8) that 
there exist complex coordinates z{x'^,x^) such that 82 — p{x'^ , x^)ds = X{z,z)dz for some 
non- vanishing X{z,z). Hence, there is a function flziT, z,^), such that O = Q^dz. 

We have thus shown that ( [B.8|) implies the existence of an adapted cover for Ai, 
with charts (r, z,^), such that ^ = dr and holomorphic one- forms are proportional to dz. 
Two overlapping adapted charts {t,z,z) and {t' , z' ,z') are related by r' = r + t{z,z) 
and z' = f{z), where t{z,z) is real and f{z) is holomorphic. 

Conversely, if Ai can be covered by adapted charts, it admits an ACMS satisfying the 
integrability condition ( [B.8| ). In {t,z,z) coordinates, we have^ 

= = i , = = , (B.IO) 



from which (|B.8|) follows. Moreover, we can use adapted coordinates to rewrite ( [B.8|) in 



terms of the almost complex structure J induced on V in the following intuitive way: 

drJ = 0. (B.ll) 

So far our discussion of the integrability condition ( [B.8|) has not involved the metric. 
If (?7, ^, $) are part of an ACMS, the compatible metric in adapted coordinates takes the 
following form: 

ds^ = [dr + h{r, z,z)dz + h{T, z,z)dzY + c{r, z.'zf'dzdz . (B.12) 

We conclude with several comments: 

1.) Given any almost contact structure (77,^,$), we can find coordinates 

such that ^ = dr- However, a compatible metric cannot always be put into the 
form ( |B.12[ ). Instead, the most general such metric takes the form 

ds^ = {dr + h.dx'f + g^if dx'dx^ , (B.13) 



Here we choose the orientation on M. such that e"^^^ = ig ^ ■ 
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where i, j = 2,3 and hi, g^j are functions of r, x^, x^. The integrabihty condition ( [B.8| ) 
imphes the existence of a complex function z{x'^, x^), such that 

glf{T,x'^,x^)dx'-dx^ = c{t, z,z)^dzdz . (B.14) 

2. ) Given any metric, we can choose local coordinates such that 

ds'^ ^ {dx^ + hdx'Y + c{x\x'^,x^f{{dxY + {dx^)^) , (B.15) 

but in general ^ ^ di. Locally, we can define a new, compatible almost contact struc- 
ture ^' = di, which satisfies the integrabihty condition ( [B.8| ). Therefore, this condition 
does not restrict the metric locally. However, there may be global obstructions that 
prevent us from extending ^' to a globally well-defined almost contact structure on A4. 
This should be contrasted with the four-dimensional case discussed in , where the 
metric is locally restricted by the condition that be a Hermitian manifold. 

3. ) We would like to point out the relation of (|B.8| ) to the standard condition of normality 

for almost contact structures (see for instance ||5^). In three dimensions, normality is 
equivalent to C^^^j, = 0, which is considerably stronger than ( |B.8| ). 



Appendix C. The Rigid Limit of Four-Dimensional New Minimal Supergravity 

Here we briefiy summarize the key formulas describing four-dimensional A/" = 1 theo- 
ries with a U{1)r symmetry in curved superspace |3y], i.e. the rigid limit of new minimal 
supergravity in four-dimensions ||3^,^. We follow the conventions of except that we 



use uppercase Latin letters M, N, ... to denote four-dimensional curved indices. 

In four dimensions, the bosonic fields in the new minimal supergravity multiplet are 
the metric Gmn^ the /^-symmetry gauge field Am, and a covariantly conserved vector V^^ . 
The Killing spinor equations that govern the rigid limit are given by 

(Vm - iAuK = -iVMC - iV^(yMNC , 

^ ^ ^ (C.l) 

(Vm + iAM)C, = iVuC + iV^auNC, . 



These equations were thoroughly studied in P6| , [27|] , where it was shown that a solution 
exists on any Hermitian manifold. 
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The transformation rules for a general multiplet {C,Xa, X" i M ,Ami ^ai , D) 
of i?-charge r take the following form: 

SC = iCx - iCx , 
5x = CM + a^'CiiAM + DmC) , 
5X = CM + a^'C [IAm - DmC) , 
5M = 2C\ + 2iDm&^\) , 
5M = 2C\ + 2iDm{Q(t^'x) , 
5 Am = iiCf^AiX + C^mA) + Dm iCx + Cx) , 

N , 



SX = iCD + 2a^^^CDMA 
5X = -iCD + 2a^^^CDMA 



N 

5D = -DMiCa^'X - Cd^'X) + 2iVM{C^^X + C5^A) 



+ '-{{R-&v^'Vm){Cx + Cx) , 

where Dm = Qm — itAm- The supersymmetry algebra is given by 

{5^, = , = , 

where if>r is any field of i?-charge r and C^^^ = Ck — irK^ Am the i?-covariant Lie 
derivative. In order to verify that the transformations ( |(J.2D satisfy the algebra ( |C3| ), we 
must use the fact that the spinor parameters satisfy the Killing spinor equations ( |C1D . 



(C.2) 



(C.3) 



Appendix D. Twisted Reduction to Three Dimensions 

In this appendix, we formally obtain any three-dimensional supersymmetric back- 
ground, as well as the supersymmetry algebra and superfield transformation laws, by a 
twisted reduction from four dimensions. 



D.l. Review of Twisted Dimensional Reduction 



Here we closely follow . We use upper- and lowercase symbols for four- and three- 
dimensional quantities, respectively. When there is potential for confusion, we designate 
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a three-dimensional quantity using a superscript '(3)'. Curved and frame indices are de- 
noted by M, N, . . fj,,^, . . . and A,B, . . ., a,b, . . ., respectively. Consider four- dimensional 
coordinates 

X^' = {x\y,x^x') . (D.l) 
We will perform the reduction along the ^/-coordinate. In our conventions, 

^o, .,a ^2 /~a\Ba l'^,o,\0ct /'~2\/3a A^Pa (-r\ o^ 

= ' = ^^^P ' ) = 17 Y , {(^ ) = ■ (D.2) 

Consider a four-dimensional metric with Killing vector Y = dy, 

dS^ = GMN{x)dX^^dX^ = {dy + c^{x)dx^f + g^^{x)dx^'dx'' , (D.3) 



which describes a non-trivial fibration of the y-coordinate over a three-manifold with met- 
ric ds'^ = g^jjdx^dx'^ . The inverse metric is given by 

Qi,u ^ ^ QVi, ^ -gi^^c^ , = 1 + g^'^c^.c^ , (D.4) 

where g^'^ is the inverse of g^^. After choosing a three-dimensional frame with inverse e^, 
we define the four-dimensional frame E'^j and its inverse , 

- ^ 1 J ' - ^ 1 ) ■ ^^-^^ 

Here the last row and column of E^,^ correspond to M = y and A = 2, respectively. Note 
that (iei{Ef.j) = det(e^), so that det(GMAr) = det(5'^;^). The spin connections VLmab 
and u^ab are then related as follows: 

^^2b = ^el{d^,c^ - d^c^) , 

^y2b = . 

The form of the metric (p.3[ ) is invariant under infinitesimal four- dimensional diffeo- 
morphisms generated by a vector field 'E^ (x) that is invariant along Y, i.e. [Y,'E] = 0. 
We distinguish between three-dimensional diffeomorphisms parametrized by S^(x), under 
which gf^i,, c^, e^, and transform as three-tensors, and diffeomorphisms parametrized 
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by A'^'^)(x) = E]^(a;), under which gf^j,, ej^, and are invariant, but transforms as a 
gauge field, 

5c^ = a^A(^)(x) . (D.7) 

This identifies as the graviphoton. 

Given a four-dimensional vector U^^ {x) that is invariant along y, so that [Y, U] = 0, we 
can define a three-dimensional vector u'^{x) = U^{x) and scalar u = + U^Cf^. Similarly, 
given a four-dimensional one- form Wm{x) that satisfies CyW = 0, we can construct a 
three-dimensional one- form = VF^ — WyC^ and scalar w = Wy. These rules apply to all 
tensor indices. For gauge fields, we take the gauge parameters to be invariant along Y . 

Consider a y-dependent four- dimensional scalar field 

$(a;,y) = e^^^(^(a;) . (D.8) 

This means that $ has central charge z under graviphoton gauge transformations ( p.7|) . 
Upon reduction to three dimensions, the derivative Wm = dm^ automatically becomes 
gauge covariant, so that = {d^ — izCfj,)^ and w = iz^. We will also need the derivatives 
of spinors Xa, with central charge z, 



^mX = Vjf^x - -^^pupV^Yx + -^c^v'^'-i^x , VyX = izx + -^v^lp,X ■ 

(3) 

Here V/i is the Levi-Civita connection corresponding to the three-dimensional metric g^^^ 
and is the dual graviphoton field strength, 

^ _i^^^'^PQ^Cp , Vfv^ = . (D.IO) 

Finally, we will need the four-dimensional Ricci scalar R in terms of R^^^ and v^, 

R = i?(3) _ ^yf^y^ . (D.ll) 

D.2. Reduction of the Killing Spinor Equation 

Starting with the rigid limit of four-dimensional new minimal supergravity reviewed 
in appendix C, we re-derive the three-dimensional Killing spinor equations ( |1.4|) and ( |1 . 5| ) 
(see also |2|]). 
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Consider a four-dimensional spinor ( that satisfies tlie first equation in (|C.1| ), 



(Vm - iAMK = -iVM - iV'^dMNC ■ (D-12) 

Since Am,Vm, and ( do not carry central charge, we assume that they are invariant 
along y, so that V/i = and ({x) does not depend on y in the frame ( p.5| ). 
We can now use ( p.9|) to obtain the M = y component of ( P.12|) , 



^v^^.C = z{Ay - Vy)C + Iv^i.C , (D.13) 

where is the dual graviphoton field strength defined in ( p.lO| ). In order to satisfy this 
equation without imposing additional restrictions on we set 



H = Ay = Vy, V^ = ^V^. (D.14) 



The M = n component of ( p.l2| ) then takes the form 

C = ^(a^ - v^)C - \H-i^C - \e^,pV^YC , (D.15) 
where we have defined the three-dimensional i?-symmetry gauge field via 

A^" = a^' - ^v^ . (D.16) 



With these definitions, the equation ( D.15 ) is identical to the Killing spinor equation ( |1.4|) . 

It is straightforward to carry out the reduction for a four-dimensional spinor ( that 
satisfies the second equation in (|C.1|) . This leads to the same rules (P.14|) and ( P.16| ) 



for the reduction of the supergravity background fields. Therefore, any supersymmetric 
background in four dimensions formally leads to a three-dimensional background that 
preserves the same number of supercharges. However, as we saw in section 4, the three- 
dimensional graviphoton that is needed to solve (p.l5|) is generally complex, while the 
graviphoton obtained from the four-dimensional metric is necessarily real. Therefore, we 
must carry out the reduction before complexifying the graviphoton. 
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D. 3. Reduction of the Supersymmetry Transformations 

We start with the transformation rules ( |C.2|) for a four-dimensional multiplet of R- 
charge r. We assign central charge z to all fields in the multiplet by taking their y- 
dependence to be e*^^. If we define a'^ = A^, a = Ay, D^^^ = D — aH, we obtain the 
following three-dimensional supersymmetry transformation rules: 

5C = iCx + Kx , 

5x = CM-C{cr+{z- rH) C) - i^C[D^pC + za^) , 
5x = CM-C{a-{z- rH) C) - i\{D^^^C - za^) , 
5M = -2CA + 2i{z-{r- 2) H) (x - 2iDf [CYx) , 
5M = 2CA - 2z (z - (r + 2) H) Qx - W^^^ (Crx) , 
Sa^ = -i{ClfA + CTmA) + i^i'^ (Cx - Cx) , 

Sa = -CX + CX + t{z- rH) {(x - Cx) , ^^'^^^ 
SX = tC{D^^^ + aH) - le^'^'-ipQDfe,, - - rH)sL^ + iD^^ a - v^a) , 

6X = -iC{D^^^ + aH) - le^^'P-ipCDf^^. + l^'Hiz - rH)a.^ + iD^^a + v^a) , 
5^(3) ^ ^(3) (^^MA _ l^^x) - iv^ [C^X + C^X) 

-H{CX- CX) +{z- rH) (CA + C A - iH[Cx - Cx)) 

+ 'J_^Ri^) _2v^v^~m^){Cx-c,x) , 

where 

^i'^ = - ir{a^ - ]^v^) - izc^ . (D.18) 

We have thus recovered the transformation rules ( |6.5| ). 

Similarly, the algebra satisfied by the transformation rules ( p.l7|) is the dimensional 
reduction of the four-dimensional algebra ( |C.3| ), 

{5q, 5~}ipi^r,z) = -2i{C'Kif(^r,z) + CC{z - rH) ^^r,z)) , = (j^C , 

^ (D.19) 

{(5^, Sr,}(pi^r,z) = , 5~}v?(r,2) = , 

in perfect agreement with (|6.1|) . Here £^ is the twisted Lie derivative defined in (|6.2|) . 
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